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1. Introduction

The fracture toughness K., which describes the resistance to crack growth, is an important parameter in the reliability
assessment of structures. Traditional test methods for fracture toughness evaluation are well standardized, but specimen
fabrication and testing are tedious and expensive. A fast, simple and inexpensive method with minimum specimen prepa-
ration, the sharp indentation test represents yet another potential way to evaluate the fracture toughness of brittle materials.
Here, it is made use of the final length c of the cracks that have initiated at the surface (radial crack) or inside the material
(median crack) and have grown to full size (radial-median crack or half-penny crack) during unloading, where it is driven by
the increasing mismatch between the contracting outer elastic matrix and the inner, nearly rigid, plastic zone (Fig. 1). How-
ever the indentation-based method lacks in terms of accuracy due to an insufficient understanding of the complex relation
between the crack and the simultaneously evolving stress field under the indenter, which depends on material properties,
indentation load (or depth) and indenter shape.

To establish and improve the sharp indentation method, numerous studies were conducted in the late 1970s [1-3], cul-
minating in the often-applied equation suggested by Lawn et al. [4], who provided a link between the stress field and the
fracture mechanics side of the problem. Accordingly, the fracture toughness K. was calculated from Young’s modulus E, hard-
ness H, the maximum indentation load Pp.x, and crack length c (Fig. 1) as follows
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Nomenclature
a impression half-diagonal
c crack length measured on surface
E Young’s modulus
Er Young’s modulus ratio (E/1000 GPa)
h indentation depth
H hardness
K. fracture toughness (mode I)
n strain hardening coefficient
Prnax maximum indentation load
o correction factor
r fracture energy
S crack-initiating separation
Omax damage-initiating separation
€o (initial) yield strain
Com modified (initial) yield strain
Kn correction factor (hardening material)
Knh correction factor (non-hardening material)
v Poisson’s ratio
O max damage-inducing stress threshold
0o (initial) yield stress
E\'?/P
k() (%) 2

The coefficient o was initially introduced to account for the indenter shape represented by the number of edges and
indenter angle . Fitting experimental data for diverse brittle materials, Anstis et al. [5] found o =0.016 + 0.004. Eq. (1)
has been the basis of most subsequent studies on indentation cracking [6-9], and a number of modified formulations have
emerged (e.g. [10-12]; see [13] for a detailed discussion). However, studies also revealed that Eq. (1) lacks accuracy due to an
oversimplified stress field (for instance, the comparison of the sub-indenter stress field to a pressurized cavity means a
neglect of the free specimen surface and associated pile-up/sink-in) and, as a consequence, application of Eq. (1) may lead
to inaccurate K. values.

Many attempts have been made since then to account for the influence of material properties and the indenter shape.
Jang and Pharr [14] carried out indentation tests on single-crystalline Ge(100) and Si(100) using 3-sided pyramidal inden-
ters of diverse angles /; based on the derivation of Eq. (1) outlined in [4] an attempt was made to include the influence of
Poisson’s ratio v in the formulation. Lee et al. [15] simulated Vickers indentation cracking by using the cohesive zone model
(CZM). Finite element (FE) results were in a good agreement with the experimental observations made by Lawn et al. [4].
Making use of the proportionality Pmax o c>2, Hyun et al. [16,17] recently extended the study and suggested a fracture tough-
ness equation, which takes into account E, v, yield strain ¢,, which replaces H, as well as i/ and the number of indenter edges.
The material was assumed to be elastic-perfectly plastic and ¢, = 6,/E was estimated by varying o, until the hardness from FE
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Fig. 1. Schematic figure of radial-median cracking under a quadrangular pyramidal indenter.



136 F. Rickhey et al./Engineering Fracture Mechanics 148 (2015) 134-144

analysis matched the measured H value. Resulting K. values showed some deviation from the values obtained by standard-
ized test methods, which was presumably in part due to errors inherent in the problematic parameter H, deduced from the
contact diagonal 2a and the neglect of hardening. Apart from the load-depth (P-h) curve and c, accurate knowledge of mate-
rial properties is thus crucial for the evaluation of K..

In this paper, we extend the fracture toughness equation of Hyun et al. [ 17] for non-hardening materials by accounting for
the influence of hardening. To reduce the computational and post-processing efforts, we propose a simplified equivalent non-
hardening model, where the hardening material is interpreted as a non-hardening material with an elevated modified yield
strain, which is then inserted in the equation established for non-hardening materials. Finally, indentation experiments are
conducted on Si(100) and Ge(100) and the K. values obtained by our suggested method are compared with literature values.
To obtain the material properties of Si(100) and Ge(100), a recently established spherical indentation-based material prop-
erty evaluation method by Kim et al. [18] is applied.

2. FE analysis of indentation cracking
2.1. FE model for indentation cracking

For the simulation of Vickers indentation cracking, the commercial software Abaqus/Standard is used. The FE model is
shown in Fig. 2. Considering geometrical and loading symmetry, modeling of a quarter section of the specimen is sufficient.
The model consists of about 86,600 elements and 97,000 nodes. Apart from those elements adjacent to the symmetry (=
loading) axis, where we use 6-node brick elements, 8-node first order brick elements are used. Fully integrated elements
are employed due to their good compatibility with the cohesive elements and their good convergence in cracking analysis.
Details on the selection of the element type are given in the Appendix.

Cohesive elements (COH3D8 [19]) are placed in median planes, where the crack is expected to initiate and propagate dur-
ing indentation. Their behavior is governed by a traction-separation law. Since the shape of the traction-separation curve is
only of secondary importance [20], a bilinear traction-separation curve is assumed for convenience. Damage initiates when
the tensile stress normal to the median plane meets a damage initiation stress omax. Upon further loading the element grad-
ually loses its stiffness according to the damage model. The element cracks, i.e. loses its entire stiffness, once the accumulated
damage energy reaches the critical fracture energy, which is tantamount to reaching the critical separation é.. The area under
the traction-separation curve is equal to the fracture energy I'. The material fracture toughness K. is given through

K> 1 ,
= ES :iamaxéc:, E:{

E for plane stress

r
E/(1—v?) for plane strain

The stress-strain relationship is expressed by the power-law hardening material model proposed by Hollomon

c z for o < o,

g
°_ n
& (g) forog >0, 1<n<oo

3)

where g, ¢ and n are initial yield strength, yield strain, and strain hardening exponent, respectively. The material shows
hardening behavior when the strain hardening exponent is between 1<n<oo, while n=co represents the elastic-
perfectly plastic case.

1/4 model

%‘ rigid Vickers indenter
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Fig. 2. FE model for Vickers indentation cracking analysis using cohesive elements.




F. Rickhey et al./Engineering Fracture Mechanics 148 (2015) 134-144 137
2.2. Determination of the maximum indentation depth necessary for well-developed cracks

The indentation cracking-based method for evaluating K. makes use of the observation that Pmax/c>/ reaches a constant
value for a sufficiently large maximum indentation depth hy,,x (or load Pp,ax). This means that beyond a minimum hy,,4 that
provides the formation of a well-developed crack, denoted h,.x, the parameter «|g: [= K¢/(Pmax/c>'?)] becomes independent of
Pmax and the crack has then assumed the characteristic well-developed half-penny shape.

Since the single influences of E, ¢, and n on the final crack lengths cannot be simply predicted from Eq. (1), FE analysis is
used to provide insight into the particular roles of E, ¢, and n. Further, as application of Eq. (1) requires well-developed
cracks, results are also used to determine hf,x. In the following the material properties v (= 0.3), I" (= 0.0025 GPa pm) are
kept constant, while either E, ¢, or n are varied. Fig. 3 shows the crack shapes at the unloaded state for combinations of
E =100, 200 GPa, &, =0.02, 0.1 (n=0o0) and hyax =[0.6,1.4] pm. hi,.x increases as E and ¢, decrease. For E =100 GPa and
& = 0.02, well-developed cracks form at hy.x > 1.4 pm. However, for E > 100 GPa and ¢, > 0.02, well-developed cracks form
at a lower hpax < 1.0 pm. Fig. 4 shows the influence of the strain hardening coefficient n (= 5, 13) on the final crack. From
Figs. 3(a) and 4(a)-(b), we find that h},.x increases as n decreases. Fig. 5 shows the corresponding relations between P,/
3?2 and hpay. For the materials with E = 200 GPa and ¢, = 0.02, Ppay/c>/? decreases with increasing hmax monotonically to a
constant value, while for the materials with E = 100 GPa and ¢, = 0.02, Pmax/c>/? we observe some fluctuation even for high
hmax- We conclude that apart from the materials with E =100 GPa and ¢, =0.02, which is not treated hereafter, well-
developed cracks form at indentation depths h ,,x > 1.0 um for all hardening and non-hardening materials. To avoid unnec-
essarily high computational costs and provide sufficiently high mesh density, the maximum indentation depth is therefore
set to hpmax = 1.0 pm.

3. Evaluation of the fracture toughness of hardening materials using a modified yield strain

To improve the accuracy of Eq. (1), Hyun et al. [17] defined a parameter x,;, — the subscript nh refers to non-hardening -,
in which influences from properties of an isotropic non-hardening material (E, ¢,, v) were merged. The fracture toughness
equation was then reformulated as

E=100GPa, v=0.3,£,=0.02

E=200GPa, v=0.3, £,=0.02

N
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Fig. 3. Variation of crack shapes with h .« after unloading for non-hardening materials (n = o) for diverse combinations of E and ¢,; half-penny crack

occurs at hyax = 1.4 (a), 0.8 (b, ¢), 0.6 pm (d), respectively.
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Fig. 4. Change of crack shape with hy,.x after unloading for diverse combinations of E and n.
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Fig. 5. Ppax/c?/? vs. hmax for (a) E = 100 and (b) 200 GPa (v = 0.3, & = 0.02).

PmaX
Ke = Ko (Eg. 0. 7) (Cm )

(4)

where Eg is the ratio of the Young’s modulus to a reference value, E = 1000 GPa (= E;000), i.e. Eg = E[E1000, to make x,;, dimen-
sionless. Varying K, E, ¢, v, a relation between x,, and material properties was established by regression.

To consider strain hardening, we could expand the function in Eq. (4) by n, which would make x;, (subscript h for hard-
ening) a function of four variables E, ¢, v and n. To avoid extensive numerical analysis this direct approach would entail and
to obviate the establishment of a new fracture toughness equation, we assume a simplified equivalent non-hardening mate-
rial instead of a hardening material as shown in Fig. 6 so that Eq. (4) is still applicable. The equivalent non-hardening mate-
rial is defined as follows. The gray and the black solid lines in Fig. 6, represent the original hardening material, characterized

by ¢, and n, and the equivalent non-hardening material, characterized by the modified yield strain &, respectively.
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oA\ hardening material
— Ky lw= Kc/([)nm/cm)
Oom [~-@ modified non-hardening material
[ — K lpe= nhl]_-;q_(4)|:ER’gom (3(,’”)"’] - Eq.(5)

Apply modified yield strain(e,,) to Eq.(4)

'
'
. >

&, gom &

Fig. 6. Stress-strain curves for hardening and simplified equivalent non-hardening materials.

To obtain &y, we first perform Vickers indentation cracking analyses for the hardening material (E, v, &, n) with given K.
and extract maximum indentation load Py,,x and crack length c; then we get x| from the definition of k as ip|rg = K¢/(Pmax/
c3?) (subscript h for hardening). Second, this s is set to be equal to Knnleq (4) for the equivalent non-hardening material
with ¢o, (and equal E and v), i.e.

Knlpg = Knhlgq. 4) (Er, €om, V) (5)

Solving the above equation gives the value of modified yield strain eop.

We determine the main variables that affect the modified yield strain &, by the Taguchi method [21]. The orthogonal
array L ¢ (3%) is used for four factors (E, v, &, n) with the three levels. The ranges of E, v, ¢, are equal to the ranges in Hyun
etal. [17]. For n we use values >5, which covers the range of common materials. Based on the orthogonal array, the effect of
each variable (E, v, &, ) on &4y, is evaluated with 9 combinations of factor and level. As a result, it is found that the variables
& and n have a much larger effect on ¢,,,, than E and v have. Details of this procedure is omitted here, but the finding is ver-
ified as follows. For fixed E = 200 GPa, v = 0.3, the values of ¢, and n are varied (&,: 5 x n: 7). Fig. 7 shows the variation of ¢,
for different combinations of ¢, and n (marked with symbols); thus &, can be expressed as a function of ¢, and n. For com-
binations of (fixed) ¢, = 0.02, 0.1 and n = 5, 13, the values of E and v are varied (E: 4 x v: 4). In Fig. 8, ¢, is constant for equal ¢,
and n, regardless of E and v These results are consistent with the finding of Lee et al. [22,23], in which n and ¢, (not the abso-
lute values o, and E themselves but the ratio ¢, = ,/E) are the only variables governing the indentation characteristics. In
brief, we consider only ¢, and n to express eqp.

Regressing the data in Fig. 7 to a 2nd order polynomial, &, can be expressed as a function of ¢, and n as
Eom (€0, M) :ai(so)nﬂv; i=0,1,2 (6)
ai(e) = byel; j=0,1,2,3

Table 1 lists the regression coefficients b;. The regression curves of Eq. (6) plotted in Figs. 7 and 8 (solid lines) agree well
with the FE data (white symbols; n = 3, 7, o) and also with the data not considered in the regression (gray symbols; n =4, 5,
10, 20). The fracture toughness can then be calculated by substituting &, for ¢, in Eq. (4), i.e.

E=200GPa, v=0.3

om

@
0.06
0.05 |
0.04

— Eq.(6)

0.00 : -
-0.1 0.0 0.1 0.2 0.3 0.4

1/n

Fig. 7. ¢om vs. (1/n) curves for six different &,.
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Fig. 8. com Vs. E[E1000 data for (a) n=5, (b) n=13; radial cracks occur when E = 100 GPa and ¢, = 0.02 for n=5, 13.

Table 1
Coefficients bj; of Eq. (6).
i=0 i=1 i=2
j=0 1.052e-3 1.231e-1 —1.342e-1
j=1 9.849e—-1 —6.529e+0 1.668e+1
j=2 0 1.529e+2 —3.372e+2
j=3 0 —9.472e+2 1.799e+3
0.20
£=0.02,n=5 ¥ £=0.02,n=13
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Fig. 9. Comparison of x|r; data with regression curves of x|gq. (7) for various values of E and v.

Prnax
Kc = Knan (ER7 Eom, V) (an/az ) (7)

where &, is given in Eq. (6).

Varying E and v, indentation cracking analyses are conducted for all combinations of ¢, = 0.02, 0.1 and n =5, 13. Compar-
ing FE values for k|pg [= K¢/(Pmax/c>'?)] with those from Eq. (7), K|Eq. (7), we find from Fig. 9 that Eq. (7) is also valid for mate-
rials with different E and v, although it was derived using fixed values (E = 200 GPa, v = 0.3). Note that by using the simplified
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Si(100) Ge(100)

Fig. 10. SEM micrographs for Si(100) and Ge(100) after indentation to Pp,x = 50 mN.

Table 2
Prax and ¢ from Berkovich nano-indentation test.
Material Indenter Ppax (MN) c(pm)
Si(100) Berkovich 50 2.48
Vickers (converted) 2.25
Ge(100) Berkovich 50 3.26
Vickers (converted) 2.99
Table 3
Material properties from spherical nano-indentation test.
Material E (GPa) [24] a, (MPa) n
Si(100) 130 2.6 2.8
Ge(100) 104 3.1 4.0

Zglr)r:]eae:'ison of fracture toughness values from indentation and conventional methods.
Material K. (MPam'/?)
Conventional method Indentation-based methods
Jaccodine [25]; DCB? Previous (deviation, %) Eq. (7) (deviation, %)
Si(100) 0.76 Hyun et al. [17] 0.82 (+8%) 0.77 (+1%)
Ge(100) 0.63 Lemaitre [26] 0.53 + 0.06 (—16 + 10%) 0.53 (—16%)

2 DCB (double cantilever beam): K. from surface energies 7.

250 T T . 250 " . -
E=130GPa, v=0.22,0,=2.6 GPa,n=2.8 E=104GPa, v=0.22, 0,=3.1 GPa,n=4.0
Si (100
200> ) ) Regression range 1 200 Ge (100)
|
= 150} ! pec® S 2150
g i | g
~ | I ~
a, 100f | i A, 100}
i (0.55, 50) i
5o " " eeee FE data 1 50
| | — fitto exp. data
0 H L L 0
0.0 0.3 0.6 0.9 1.2 0.0

h (pm)

Fig. 11. Load-depth curves for Si(100) and Ge(100).
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-:i::;lli; from nano-indentation tests and FE analyses for Si(100) and Ge(100); Ppax = 50 mN.
Material K. (MPa m'/?) Crack length ¢ (um) Deviation (%)
Nano-indentation test FEA
Si(100) 0.77 2.48 2.33 6.0
Ge(100) 0.53 3.26 3.12 43

equivalent non-hardening material model, the number of FE analysis required to propose a toughness evaluation method for
hardening materials could be reduced significantly.

4. Validation of property evaluation approach by nano-indentation tests

To assess the proposed evaluation method the fracture toughnesses of Si(100) and Ge(100) are predicted by Eq. (7) and
compared to values from the literature. Indentation tests with Berkovich indenter are performed on a nano-indenter (Nano
indenter® XP, Agilent Technologies). The applied load is set to Py,.x = 50 mN. Tests are carried out with a constant loading and
unloading rate of 0.5 mN/s. The radial crack length c is measured after unloading from SEM (scanning electron microscope)
images. The mean average of the lengths of the three cracks is taken as c.

Although Eq. (7) is established for Vickers indentation, we use the Berkovich indenter, which is usually preferred in nano-
indentation tests owing to the difficulties associated with the manufacturing of Vickers nano-indenters. The main difference
between these two indenters is the resulting number of cracks and the crack size. The ratio of the crack lengths cg and cy
produced by Berkovich and Vickers indenters, respectively, was found to be cg/cy ~ 1.10 [16]. Crack patterns for Si(100)
and Ge(100) after indentation to Pp,.x = 50 mN are shown in Fig. 10; crack lengths c are listed in Table 2. Material properties
of Si(100) and Ge(100), required for the determination of K., were recently determined by Kim et al. [ 18] and are provided in
Table 3.

K. values obtained by the proposed method are compared with the corresponding surface energies ) evaluated by Jac-
codine [25]. Using DCB (double cantilever beam) specimens, Jaccodine found y = 0.0213 and 0.0184 J/mm? for Si(100) and
Ge(100), respectively. K. is related to y by

E[ \ 12
K. = (ﬁ) ;o I'=2y 8)

which yields K. =0.76 and 0.63 MPam'/? for Si(100) and Ge(100), respectively. These reference values are compared in
Table 4 with indentation-based results by Hyun et al. [17], Lemaitre [25] and those calculated using Egs. (6) and (7). K. values
obtained by Hyun et al. [17] and Lemaitre [26], both of who did not account for potential strain hardening, deviate by 8% and
16 = 10% for Si and Ge, respectively; using Egs. (6) and (7), the respective deviations are 1% and 16%. Note that Lemaitre [26]
determined K. with o =0.016 [5] in Eq. (1).

For further validation of our approach, FE indentation cracking analyses are run with the material properties of Si(100)
and Ge(100) in Tables 3 and 4 to directly compare resulting crack lengths. Since we observed in FE indentation cracking
analysis better convergence with a prescribed displacement than with a prescribed load, we first determine the hy,,x values
corresponding to the experimental load Pp,.x = 50 mN by fitting the FE load-depth (P-h) curves of the two materials (dotted
lines in Fig. 11) to the theoretical relation P = Ch? (thin solid lines); hy.x = 0.55 pm for Si(100) and 0.59 pm for Ge(100). The
FE analyses with these hy,x values give crack lengths that deviate by only 6% [Si(100)] and 4.3% [Ge(100)] from those mea-
sured in the real nano-indentation test (Table 5).

5. Conclusions

Based on FE analyses, we presented a Vickers indentation-based method for determining the fracture toughness of brittle
materials that exhibit strain hardening behavior. Damage and cracking was simulated by using cohesive elements in the
median planes of expected radial-median cracking. For simplicity and to reduce computational costs, the hardening material
was interpreted as a non-hardening material with a modified yield strain. The modified yield strain ¢, was expressed as a
function of yield strain ¢, and hardening coefficient n, both of which were found to be the parameters governing &,,,. The
fracture toughness K. was then obtained by replacing ¢, with ¢, in the equation for non-hardening materials, recently estab-
lished by Hyun et al. [17]. Necessary material properties were determined from the spherical indentation load-depth curve.

Indentation experiments were conducted on mono-crystalline Si(100) and Ge(100). The suggested method gave equal or
improved agreement with K. values obtained with DCB specimens from the literature than earlier indentation approaches
neglecting hardening.
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Appendix A. Determination of element type for Vickers indentation simulation

The element type used in the FE model for Vickers indentation cracking is chosen based on the comparison of the crack
shapes obtained with diverse element types. Abaqus [19] provides only cohesive elements of first order. To avoid difficulties
that arise when connecting first order to higher order elements, 8-node brick elements are used for the specimen. To com-
pensate for the (low) first-order interpolation and to sufficiently capture small deformations, elements of edge length
0.25 um are deployed in the very vicinity to the contact.

We compare the crack shapes obtained with elements using full (C3D8; [19]) and reduced integration (C3D8R). Fig. A1(a)
for C3D8 and A1(b) for C3D8R depict the cracks after unloading. With C3D8R elements we observe that crack faces are heav-
ily distorted, which means that the crack length cannot be measured accurately. Further, the use of these elements affects
convergence in a negative way and even increases the analysis time (if convergence is reached). The use of C3D8 elements is
therefore recommended.
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Fig. A1. Crack appearance on surface after unloading for (a) C3D8 elements, (b) C3D8R elements.
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